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We study the dynamics of D-branes in the near-horizon geometry of NS fivebranes. This
leads to a holographically dual description of the physics of D-branes ending on and/or
intersecting NS5-branes. We use it to verify some properties of such D-branes which were
deduced indirectly in the past, and discuss some instabilities of non-supersymmetric brane
configurations. Our construction also describes vacua of Little String Theory which are
dual to open plus closed string theory in asymptotically linear dilaton spacetimes.
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1. Introduction
In the last few years it was found that embedding various supersymmetric gauge
theories in string theory, as the low energy worldvolume dynamics on branes, provides an
efficient tool for studying many aspects of the vacuum structure and properties of BPS
states in these theories. One class of constructions (reviewed in [1]) involves systems of
D-branes ending on and/or intersecting NS5-branes. For applications to gauge theory
one is typically interested in taking the weak coupling limit gs → 0 (as well as the low
energy limit). In this limit one might expect the system to be amenable to a perturbative
worldsheet treatment, but the presence of the NS5-branes and branes ending on branes
complicate the analysis.
In the absence of a derivation of the properties of D-branes interacting with NS5-
branes from first principles, some of their low energy properties were postulated in the past
based on symmetry considerations and consistency conditions. One of the main purposes
of this paper is to derive some of these properties by a direct worldsheet study of D-branes
in the vicinity of NS5-branes.
In the analysis, we will use the improved understanding of the dynamics of NS5-
branes achieved in the last few years. It is now believed that in the weak coupling limit
(but not necessarily at low energies) fivebranes decouple from gravity and other bulk string
modes and give rise to a rich non-gravitational theory, Little String Theory (LST) [2]. In
[3] it was proposed to study LST using holography. The theory on a stack of NS5-branes
was argued to be holographically dual to string theory in the near-horizon geometry of
the fivebranes. Many properties of LST can be understood by performing computations
in string theory in this geometry. In particular, we will find below that it is an efficient
way to study properties of D-branes ending on or intersecting NS5-branes.
From the point of view of LST, D-branes in the vicinity of NS5-branes give rise to
new particle and extended object states in the theory, as well as new vacua, typically
with reduced supersymmetry (when the branes are space-filling). Another motivation
of this work is to understand the non-perturbative spectrum and dynamics of extended
objects in LST, and more generally study the interplay between the non-trivial dynamics
on fivebranes and the worldvolume physics of D-branes in their vicinity.
The plan of the paper is the following. In section 2 we briefly review some facts
regarding the relevant brane configurations and, in particular, describe the conjectured
properties of these configurations that we will try to verify. Section 3 is a review of the
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near-horizon geometry of NS5-branes (the CHS geometry [4]) and its holographic relation
to LST. We also describe a modification of this geometry corresponding to fivebranes
positioned at equal distances around a circle, which plays a role in the analysis. In section
4 we review some facts about D-branes in flat space and on a three-sphere (or SU(2) WZW
model). In section 5 we study D-branes in the CHS geometry as well as its regularized
version. We verify some of the properties described in section 2, and describe additional
features which follow from our analysis. Some of the technical details are presented in the
appendices.
2. Some properties of brane configurations
One class of brane constructions, that gave rise to many insights into gauge dynamics,
involves D-branes suspended between NS5-branes. We start with a brief description of a
particular example of such a construction, which realizes four dimensional N = 1 super-
symmetric gauge theory with gauge group G = U(Nc) and Nf chiral superfields in the
fundamental representation (more precisely, NF fundamentals Q
i, i = 1, · · · , NF , and NF
anti-fundamentals Q˜i). This will help introduce the issues that will be discussed later
1.
We will consider brane configurations in type IIA string theory consisting of NS5-
branes, D4 and D6-branes, oriented as follows2:
NS5 : (x0, x1, x2, x3, x4, x5)
NS5′ : (x0, x1, x2, x3, x8, x9)
D4 : (x0, x1, x2, x3, x6)
D6 : (x0, x1, x2, x3, x7, x8, x9)
D6′ : (x0, x1, x2, x3, x4, x5, x7)
(2.1)
One can check that any combination of two or more of these branes preserves four or eight
supercharges. The Lorentz symmetry is broken in the presence of the branes to
SO(9, 1)→ SO(3, 1)0123 × SO(2)45 × SO(2)89 (2.2)
1 For a more detailed discussion, references to the original literature and other constructions,
see [1].
2 In later sections we will discuss more general configurations, obtained by rotating some of
the branes.
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(assuming that all branes that are pointlike in (x4, x5) are placed at the same point in
the (4, 5) plane, and similarly for (x8, x9)). To study situations with non-trivial 3 + 1
dimensional physics (in (x0, x1, x2, x3)) some of the branes must be made finite.
Consider a configuration [5] of Nc D4-branes stretched between an NS5-brane and
an NS5′-brane separated by a distance L along the x6 direction (fig. 1). At distances
greater than L, the five dimensional theory on the D4-branes reduces to a four dimensional
theory with N = 1 supersymmetry. The boundary conditions provided by the fivebranes
imply that out of all the massless degrees of freedom on the fourbranes (described by
4 − 4 strings), only the 4d N = 1 vector multiplets for G = U(Nc) survive. To decouple
the gauge dynamics from the complications of string theory one takes the limit gs → 0,
L/ls → 0, with the four dimensional gauge coupling g2 = gsls/L held fixed [1].
(8,9)
(4,5)
(6)
D4
NS5’NS5
Fig. 1
One can add matter in the fundamental representation of G in one of the two ways
illustrated in fig. 2 (which, as explained in [6], are related). One is to place Nf D6-branes
between the fivebranes (fig. 2a). The 4−6 strings give Nf fundamentals of U(Nc), Qi, Q˜i,
whose mass is proportional to the separation between the sixbranes and the fourbranes
in (x4, x5). Alternatively, one can add to the configuration Nf D4-branes stretching from
the NS5-brane to infinity (fig. 2b). In this case, the Nf fundamentals of U(Nc) should
arise from 4− 4 strings stretched between the two kinds of fourbranes. Their mass is the
separation between the fourbranes in (x4, x5).
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(6)
(8,9)
(4,5)
D6
D4
(b)(a)
NS5’NS5
D4
D4
NS5 NS5’
Fig. 2
In the configuration of fig. 2a, the low energy physics should be independent of the
locations of the D6-branes along the interval between the fivebranes. In [7] it was pointed
out that a particularly natural location for the sixbranes is at the same value of (x4, x5, x6)
as the NS5′-brane. As is clear from (2.1), in this case the NS5′-brane is embedded in the
D6-branes; it divides them into two disconnected parts (fig. 3).
NS5’
(6)
(7)
(8,9)
D6
~Q
Q
D4NS5
Fig. 3
Consequently, the configuration has two separate U(Nf ) symmetries, acting on the
two semi-infinite sixbranes, and one may attempt to interpret them as the U(Nf )×U(Nf )
global symmetry of N = 1 SQCD, under which Q and Q˜ transform as (NF , 1) and (1, NF ),
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respectively. This would imply that 4−6 strings connecting theD4-branes to the upper part
of the D6-branes give rise at low energies to the Nf chiral multiplets in the fundamental
of U(Nc), Q
i, while those that connect the fourbranes to the lower part of the sixbranes
give the Nf chiral superfields in the anti-fundamental of U(Nc), Q˜i, as indicated in fig. 3.
Despite the fact that the two groups of sixbranes are independent, none of them can
be removed from the configuration. From the string theory point of view the reason is
that this would lead to violation of the RR charge that couples to D6-branes. In the low
energy gauge theory the inconsistency is seen as a non-vanishing chiral anomaly. However,
the same basic mechanism for getting chiral matter can be used to produce chiral spectra
in lower dimensions [8] or in the presence of orientifolds [9,10,11].
The low-lying excitations of the brane configurations discussed above can be divided
into two classes: those that are bound to one of the fivebranes, and those that are not. In
this paper we will analyze the properties of the first class of excitations. It includes the
following:
(a) 4 − 6 strings connecting Nc D4-branes to NF D6′-branes, all of which end on an
NS5-brane3 (fig. 4a). The prediction is that they give rise to a chiral spectrum: a
chiral superfield Q in the (Nc, NF ) of U(Nc)× U(NF ).
(b) 4− 4 strings connecting fourbranes ending on an NS5-brane from opposite sides (fig.
4b). They should give rise to chiral superfields, Q in the (Nc, NF ) and Q˜ in the
(N c, NF ), or hypermultiplets (Q, Q˜).
(c) 4− 6 strings connecting D4-branes ending on NS5-branes to D6-branes intersecting
the fivebranes (fig. 4c). They should also give rise to hypermultiplets (Q, Q˜).
We will verify the predictions (a), (b), (c) below. Excitations which belong to the second
class and which we will not analyze include the 4 − 4 strings that give rise to the N = 1
vector superfield in fig. 1, and the 4 − 6 strings that give rise to the fundamental chiral
superfields Qi, Q˜i in fig. 2a. The former are complicated to study, since their wavefunction
is spread throughout the interval between the fivebranes and is influenced by them only via
the boundary conditions they provide. The latter can be studied using standard D-brane
techniques, at least when the intersection of the D4 and D6-branes is far enough from
the edges of the fourbrane (see section 4). When that intersection lies on the NS5-brane
(fig. 4c), one can study it using the techniques of this paper, and we will discuss this case
below.
3 The configuration of fig. 4a can be obtained from that of fig. 3 by exchanging (x4, x5) ↔
(x8, x9) and removing some branes.
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Fig. 4
3. The near-horizon geometry of NS5-branes and holography
The background fields around a stack of k parallel NS5-branes are [4]:
e2(Φ−Φ0) = 1 +
k∑
j=1
l2s
|~x− ~xj |2
GIJ = e
2(Φ−Φ0)δIJ
Gµν = ηµν
HIJK = −ǫIJKL∂LΦ
(3.1)
I, J,K, L = 6, 7, 8, 9 label the directions transverse to the fivebranes (see (2.1)). µ, ν =
0, 1, · · · , 5 are the directions along the brane. {~xj} are the locations of the fivebranes in
~x = (x6, · · · , x9). H is the field strength of the NS-NS B-field; G, Φ are the metric and
dilaton, respectively.
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The background (3.1) interpolates between flat ten dimensional spacetime far from
the fivebranes, and a near-horizon region, in which the 1 on the right hand side of the first
line of (3.1) can be neglected (fig. 5). This near-horizon region is an asymptotically linear
dilaton solution. E.g. if the fivebranes are coincident, ~xj = 0, the near-horizon solution is
e2(Φ−Φ0) =
kl2s
|~x|2
GIJ = e
2(Φ−Φ0)δIJ
Gµν = ηµν
HIJK = −ǫIJKM∂MΦ
(3.2)
φ
S3
Near horizon region
Asymptotically flat space
Fig. 5
String propagation in the near-horizon geometry (3.2) can be described by an exact
worldsheet Conformal Field Theory (CFT) [4]. The target space is
IR5,1 × IRφ × SU(2) (3.3)
IRφ corresponds to the radial direction r = |~x|:
φ =
1
Q
log
|~x|2
kl2s
Φ = −Q
2
φ
(3.4)
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where we set Φ0 = 0 by rescaling ~x. Q is related to the number of fivebranes via
Q =
√
2
k
(3.5)
The CFT describing the three-sphere at constant |~x| in (3.2) is an SU(2) WZW model at
level k. The SU(2) group element g is related to the coordinates on the three-sphere via
(e.g.):
g(~x) =
1
|~x|
[−x61 + i(x8σ1 + x9σ2 + x7σ3)] (3.6)
The SO(4) ∼ SU(2)L × SU(2)R global symmetry corresponding to rotations in the IR4
labeled by (x6, x7, x8, x9) acts on g as g → hLghR, where hL(R) ∈ SU(2)L(R). Denoting
the generators of SU(2)L (SU(2)R) by J
a (J¯a), one finds that J3− J¯3 generates rotations
in the (x6, x7) plane, while J3 + J¯3 is the generator of rotations in (x8, x9).
Since we are dealing with the superstring, we are interested in the N = 1 supercon-
formal σ-model on (3.3). Thus, in addition to the bosonic coordinates (xµ, φ, g), there are
worldsheet fermions (ψµ, χr, χa), a = 1, 2, 3, which are free (after a certain chiral rotation).
The worldsheet N = 1 superconformal generators are:
T (z) =− 1
2
(∂xµ)2 − 1
2
ψµ∂ψµ − 1
2
(∂φ)2 − Q
2
∂2φ− 1
2
χr∂χr − 1
k
JaJa − 1
2
χa∂χa
G(z) =iψµ∂x
µ + iχr∂φ+ iQ(χaJ
a − iχ1χ2χ3 + ∂χr)
(3.7)
Here Ja are the bosonic SU(2) currents of level kB ≡ k−2. The total SU(2) current algebra
of level k is generated by the currents Jatotal = J
a + JaF , where J
a
F = −(i/2)ǫabcχbχc is the
contribution of the fermions. Note, in particular, that this construction only makes sense
for kB ≥ 0, i.e. for two or more fivebranes. One also imposes a chiral GSO projection
(−)FL = (−)FR = 1. The GSO projected theory on the background (3.1), (3.3) preserves
sixteen supercharges – the NS5-brane is a half BPS object.
An interesting feature of the near-horizon geometry (3.2) is that in the vicinity of the
fivebranes, |~x| → 0, an infinite “throat” appears (for two or more fivebranes), corresponding
to IRφ in (3.3). In [3] it was proposed to interpret it in terms of holography. String theory
in the background (3.3) was conjectured to be equivalent to the theory on the fivebranes
(LST).
The map between the “bulk” (10d) and “boundary” (6d) theories is the following.
On-shell observables in the bulk theory, such as vertex operators in the background (3.3)
which correspond to non-normalizable wavefunctions supported at the “boundary,” φ→∞
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on IRφ, are mapped to off-shell observables in the 6d fivebrane theory. Non-normalizable
vertex operators on (3.3) depend among other things on the six dimensional momentum
kµ, which is interpreted as off-shell momentum in the 6d LST.
Normalizable eigenstates of the Hamiltonian on (3.3) correspond to on-shell states in
LST. One way to compute the spectrum of these states is to study correlation functions
of non-normalizable vertex operators and look for singularities as a function of kµ. Poles
at k2µ = −M2i signal the presence of normalizable states with that mass in the spectrum
of the theory.
The worldsheet theory (3.2)-(3.7) is singular. The string coupling gs ∼ exp(−Qφ/2)
diverges as φ → −∞ (i.e. as one approaches the fivebranes (3.4)). Therefore, the weakly
coupled ten dimensional description is only useful for studying those aspects of LST that
can be analyzed at large positive φ. This includes identifying a large set of observables
(such as the aforementioned non-normalizable vertex operators), and their transformation
properties under the symmetries of the theory (e.g. 6d super-Poincare symmetry). Normal-
izable states are difficult to analyze, since their wave-functions tend to be supported in the
strongly coupled region φ→ −∞. Equivalently, correlation functions of non-normalizable
operators in linear dilaton vacua are typically not computable without specifying the cutoff
at large negative φ.
If one is interested in studying the theory on k > 1 coincident fivebranes, one must
face this strong coupling problem. However, to make contact with section 2 we are in fact
mainly interested in the case where the fivebranes are separated. In that case one might
hope that the strong coupling region will be absent, e.g. because the CHS solution with
the throat only makes sense when there are at least two coincident fivebranes. Indeed, one
can show that this is the case.
If, for example, we distribute the k fivebranes at equal distances around a circle in
the (x6, x7) plane, which breaks the global symmetry
SO(5, 1)× SO(4)→ SO(5, 1)× SO(2)× Zk (3.8)
the background (3.3) changes as follows. Decompose SU(2) → U(1) × SU(2)/U(1). The
U(1) is the CSA generator J3total, which can be bosonized as
J3total = 2i
√
k
2
∂Y (3.9)
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where Y is a scalar field normalized such that 〈Y (z)Y (w)〉 = −14 log(z−w), a normalization
that will be convenient later; it differs by a factor of four from that of [12,13]. In the original
CHS solution, (φ, Y ) describe an infinitely long cylinder with a string coupling that varies
along the cylinder, diverging at one end and going to zero at the other. Separating the
fivebranes replaces it [14,15,12,13] with a semi-infinite cigar [16] SL(2)/U(1) in which the
strong coupling region is absent, or equivalently with N = 2 Liouville, in which the strong
coupling region is suppressed by a superpotential which goes like exp[−(φˆ+ iYˆ )/Q], where
(φˆ, Yˆ ) are the superfields whose bosonic components are (φ, Y ). For reasons explained
in [13] it is more convenient to use the coset (cigar) description in this case. The full
background replacing (3.2) is
IR5,1 × SL(2, IR)k
U(1)
× SU(2)k
U(1)
(3.10)
The global SO(2) symmetry in (3.8) corresponds to translations in Y (i.e. rotations of the
cigar around its axis). The Zk charge in (3.8) is the winding number around the cigar, a
U(1) which is broken down to Zk, since winding number can slip off the tip of the cigar. It
should be noted that the product in (3.10) is not direct, since the GSO projection relates
the different factors. In the GSO projected theory, the winding number around the cigar
can be fractional (∈ Z/k). The fractional part of the winding number is the Zk charge
mentioned above.
Since the background (3.10) can be made arbitrarily weakly coupled4, one can use it
to compute correlation functions in LST in a weak coupling regime in its moduli space
of vacua [13]. This is done by constructing BRST invariant observables on (3.10) and
computing their worldsheet correlation functions, using the results of [17]. For a detailed
analysis we refer the reader to [13]; here we mention a few facts that will play a role below.
Consider the (NS,NS) sector of the theory5. The observables are primaries of the
N = 1 superconformal algebra (3.7) with scaling dimension (h, h¯) = ( 1
2
, 1
2
). The IR5,1
and SU(2)/U(1) are well known SCFT’s. The former is a free field theory; the latter, an
N = 2 minimal model with c = 3−(6/k). The SL(2)/U(1) SCFT is N = 2 superconformal
as well; it has central charge c = 3 + (6/k). The N = 2 primaries Vj;m,m¯ have scaling
dimensions
(h, h¯) =
1
k
(
m2 − j(j + 1), m¯2 − j(j + 1)) (3.11)
4 by decreasing the value of the string coupling at the tip of the cigar. This value is related to
the radius of the circle on which the fivebranes lie [13].
5 The other sectors can be reached by applying the spacetime supercharges [12].
10
and
(m, m¯) =
1
2
(p+ wk, p− wk) (3.12)
where p, w ∈ Z are momentum and winding around the cigar, respectively. As mentioned
before, in the GSO projected theory (3.10) one finds
w ∈ 1
k
Z (3.13)
while the momentum p is still integer.
Unitarity and non-normalizability limit the range of j to
j ∈ IR , −1
2
< j <
k − 1
2
(3.14)
There are also delta-function normalizable operators with j = −12 + is, s ∈ IR. These
do not give rise to off-shell observables in the theory, but rather should be thought of as
producing a continuum of states above a gap in LST6. All other observables (in addition
to Vj;m,m¯) can be obtained by acting with N = 2 superconformal generators on these
primaries.
By analyzing correlation functions of Vj;m,m¯, one finds [13] that poles in correlators
correspond to discrete representations7 of SL(2)
|m| = j + n, |m¯| = j + n¯; n, n¯ = 1, 2, 3, · · · (3.15)
This leads to a discrete spectrum of states in LST, which exhibits Hagedorn growth at
high energy.
4. Some properties of D-branes
In this section we review some properties of D-branes in flat space and on S3, in
preparation for our discussion of D-branes in the CHS geometry (3.3), and its regularized
version (3.10).
6 The relation between states and operators in the cigar CFT is subtle and very similar to that
in Liouville theory, described in [18].
7 In some cases one also finds poles corresponding to m = j [19].
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4.1. 4-6 strings in flat space
Later, we will analyze 4 − 6 strings connecting D4-branes and D6′-branes, both of
which end on a stack of NS5-branes (fig. 4a). We start by reviewing the simpler case of
intersecting infinite D4 and D6′-branes in flat space [20,21].
Consider an open string, one of whose ends is on a D4-brane. The other end may
be either on the same brane or on another brane. We want to study the emission of a
4 − 6′ string from the D4 boundary of this string. After the emission, this boundary of
the emitting string will lie on a D6′-brane (fig. 6).
τ
D6’
D4
σ=piσσ=0
Fig. 6
The worldsheet of an open string is a strip, or equivalently the upper half plane. On
the upper half plane, worldsheet time evolves radially. Equal time surfaces are half circles
around the origin, with early times corresponding to small circles. The boundary of the
upper half plane (the real line Imz = 0) corresponds to the ends of the string and is divided
into two parts: z > 0 or σ = 0 in fig. 6, which lies on the D4-brane, and z < 0 or σ = π.
The emission of an open 4 − 6′ string from the boundary σ = 0 is described by an
insertion of a vertex operator V at some point z > 0 on the boundary. The boundary now
splits into three components: (i) z′ < 0, the spectator boundary at σ = π, (ii) 0 < z′ < z,
which lies on the fourbrane, and (iii) z′ > z, which is on the sixbrane (see fig. 7). The
boundary conditions for, say, the coordinate x4 are Dirichlet, ∂x4(z′) + ∂x4(z′) = 0, in
region (ii), and Neumann, ∂x4(z′)− ∂x4(z′) = 0, in region (iii).
12
0 zD4 D6’
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xx
Fig. 7
The vertex operator V (z) changes the boundary conditions of x4 from Neumann to
Dirichlet. If one inserts the holomorphic current ∂x4 into the worldsheet, and moves it
along a small upper semicircle around z (see fig. 7), from z′ < z to z′ > z (the operator
∂x4 is necessarily transported along the mirror image lower semicircle between these two
points), the relative sign of the two operators has to flip. This means that the operator
product V (z)∂x4(z′) has to have a square root branch cut in z − z′. Operators with such
a cut are twist operators, familiar from orbifold CFT (see e.g. [22]). The lowest dimension
operator of this type, σ, has dimension 1/16.
The same arguments apply to all the coordinates for which the 4 − 6′ string has
Dirichlet-Neumann boundary conditions; hence, the operator V contains a twist field for
(x4, x5, x6, x7), σ4567, with total dimension 1/4. We will be mainly interested in emission
of spacetime bosons, in which case V belongs to the NS sector of the worldsheet CFT.
Therefore, it has to be local with respect to G = i
∑
ψa∂x
a, the worldsheet superconformal
generator. Since G has a square root branch cut with respect to x4,5,6,7, it must also have
a cut with respect to ψ4,5,6,7. This implies that V has to contain the spin field S4567 for
these worldsheet fermions. This operator also has dimension 1/4.
The directions x0,1,2,3 are common to the D4 and D6′-branes, and are treated as in
standard open string theory with Neumann boundary conditions. The remaining coor-
dinates (x8, x9) have Dirichlet-Dirichlet boundary conditions. If the D4-brane is, say, at
x8 = 0, while the D6-brane is at x8 = a (and both at x9 = 0), then similarly to the
discussion above, a bulk operator of the form exp(ikx8) when moved around the above
mentioned semi-circle from a point on the D4 to a point on the D6′, has to pick a factor
of exp(ika/2), together with another such contribution from the mirror path of the lower
semicircle. This means that the operator product V (z)exp(ikx8(z′)) has a branch cut of the
form (z−z′)ka/2π and the product with the corresponding right-moving operator has a cut
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with the opposite sign. The appropriate boundary operator is exp(i(a/π)(x8L(z)−x8R(z))).
This operator generates “winding number” a/π along x8 – in agreement with the geomet-
rical picture of a 4− 6′ string stretched a distance a along x8. Its dimension is a2/2π2.
Collecting all the factors, we get the following vertex operator describing the (bosonic)
ground state of a 4 − 6′ string stretched between a D4-brane at (x8, x9) = (0, 0) and a
D6′-brane at (x8, x9) = (a, b),
V = e−ϕσ4567S4567e
i
pi
(a(x8L−x
8
R)+b(x
9
L−x
9
R))eikµx
µ
(4.1)
where kµ (µ = 0, 1, 2, 3) is the 4d spacetime momentum. ϕ is the bosonized superconformal
ghost. The vertex operator (4.1) is written in the −1 picture; one can check that the
coefficient of e−ϕ in (4.1) is an N = 1 superconformal primary, which is a necessary
condition for its BRST invariance. The requirement that it has worldsheet dimension
1/2, which is also necessary for BRST invariance, implies that the mass squared of the
ground state of the 4− 6′ string is −k2µ = 1π2 (a2 + b2), as one would expect (we work in a
convention α′ = 1/2, in which the scalars x are canonically normalized on the boundary
and the tension of the fundamental string is T = 1/π).
In particular, when the D6′-brane intersects the D4-brane, i.e. when a = b = 0, this
mass vanishes. The vertex operator (4.1) describes a particle which transforms as a scalar
under 3 + 1 dimensional Lorentz rotations. The spin field S4567 has 4 components, half of
which are projected out by the GSO projection, so (4.1) actually describes two real scalar
particles. For the applications described in section 2 it is sometimes useful to consider
not one but a stack of N D4-branes. In that case, the two scalars (4.1) transform in the
fundamental representation (N) of the U(N) gauge symmetry on the fourbranes.
In addition to the 4−6′ strings described above there are also 6′−4 strings which have
similar properties but transform in theN of U(N). Altogether we have two complex scalars,
Q in the N and Q˜ in the N of U(N). The system of D4 and D6′-branes preserves eight
supercharges (N = 2 SUSY in the four dimensions (0123)) and acting with the supercharges
on (4.1) completes a hypermultiplet transforming in the fundamental representation of
U(N).
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4.2. D-branes on the SU(2) group manifold
We next turn to some facts regarding D-branes on a group manifold G, focusing on
the case G = SU(2) (D-branes on group manifolds have been studied, for instance, in
[23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38]). In the absence of D-branes, the WZW
model has an affine GL × GR symmetry. If g(z, z) is a map from the worldsheet to the
group G, the symmetry acts on it as:
g → hL(z)ghR(z) (4.2)
If the worldsheet has a boundary, there is a relation between left-moving and right-moving
modes, and the GL × GR symmetry is broken. One can still preserve some diagonal
symmetry G, say the symmetry
g → hgh−1 (4.3)
corresponding to hL = h
−1
R = h in (4.2). The presence of this symmetry constrains the
boundary conditions that can be placed on g. Allowing g(boundary) = f for some f ∈ G we
must also allow g(boundary) = hfh−1 for every h ∈ G. This means that g on the boundary
takes value in the conjugacy class containing f [27]. For G = SU(2), conjugacy classes are
parametrized by a single angle θ, 0 ≤ θ ≤ π, corresponding to the choice f = exp(iθσ3).
Thinking of SU(2) as the group of three dimensional rotations, the conjugacy class Cθ is
the set of all rotations of angle 2θ about any axis. A boundary condition which preserves
(4.3) is then
g(boundary) ∈ Cθ (4.4)
Since hL is generated by the currents J
a while hR is generated by J
a
, the invariance of
the boundary condition (4.4) under (4.3) implies that the currents satisfy [35]:
Ja = J
a
; a = 1, 2, 3 (4.5)
on the boundary. Not any value of θ in (4.4) gives rise to a consistent model [24,27,29].
Recall that for a general group G, the level k WZW action has the form
S =
∫
Σ
d2zLsm +
∫
B
LWZ (4.6)
where Lsm = k4πTr(∂g
−1∂g) is the sigma model part of the action and LWZ = k4πω
(3) is
the Wess-Zumino term. Here Σ is the worldsheet Riemann surface, ω(3) = 13Tr((g
−1dg)3)
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is a closed three-form, and B is a three dimensional manifold whose boundary is the
worldsheet. When the worldsheet Σ has itself boundaries, it cannot be the boundary of a
three dimensional manifold, since a boundary cannot have boundary. To define the WZ
term in (4.6) for this case, one should fill the holes in the worldsheet by adding discs,
and extend the mapping from the worldsheet into the group manifold to these discs. One
further demands that the whole disc D is mapped into a region (which we will also refer to
as D) inside the conjugacy class in which the corresponding boundary lies. B will then be
defined as a three-manifold bounded by the union Σ
⋃
D, which now has no boundaries.
The resulting action should preserve the symmetry (4.2) in the bulk of the worldsheet
which tends to (4.3) on the boundary. Take C, the conjugacy class containing D, to be
the class of a fixed group element f , i.e.
C = {hfh−1|h ∈ G} (4.7)
Let δLg be an infinitesimal variation of g(z, z¯) in the bulk such that ∂(δLgg
−1) = 0 and δRg
a variation for which ∂(g−1δRg) = 0. On the boundary of Σ, where g ∈ C is parametrized
as g = hfh−1, δLgg
−1 = −g−1δRg = δhh−1. By the above symmetry the variation
(δL+δR)S should vanish. In the interior of the disc we should allow an arbitrary variation
δh since the location of the auxiliary disc inside C has no physical significance and cannot
influence the action. Using the identity
δω(3) = dTr((g−1δg)(g−1dg)2) (4.8)
one gets
(δL + δR)S =
k
4π
[∫
D
Tr((g−1δg)(g−1dg)2) +
∫
∂Σ
A
]
(4.9)
where A is the one-form
A = Tr[(h−1δh)(f−1h−1dhf − fh−1dhf−1)] (4.10)
The first term in (4.9) comes from the change in the region of integration of LWZ resulting
from the variation of D. The second term is a boundary correction to the symmetry (4.2).
Clearly the right hand side of (4.9) is not zero for a non-trivial mapping of ∂Σ and of D
into C.
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To fix the symmetry we have to modify the action by adding to it an integral over the
disc D of some two form ω(2), defined on C, such that its variation will cancel (4.9). The
proper action has now the form
S =
∫
Σ
d2zLsm +
∫
B
LWZ +
k
4π
∫
D
ω(2) (4.11)
The variation of this action is
(δL + δR)S =
k
4π
[∫
D
Tr((g−1δg)(g−1dg)2)−
∫
∂D
A+
∫
D
δω(2)
]
(4.12)
where we used the fact that ∂Σ and ∂D are identical curves with opposite orientations.
The vanishing of (4.12) fixes δω(2) as
δω(2) = dA− Tr((g−1δg)(g−1dg)2) (4.13)
Expressing the r.h.s. of (4.13) in terms of the group element h parametrizing C as in (4.7)
one gets δω(2) explicitly on C. Its solution is [27,29]
ω(2) = Tr[(h−1dh)f−1(h−1dh)f ] (4.14)
Notice that (as implied by (4.13)) on the conjugacy class C, dω(2) = ω(3).
The modified action (4.11) is independent, by construction, of continuous deformations
ofD inside C. However, in general, the second homotopy of a conjugacy class is non-trivial.
If we compare then the value of the action for D and D′, two different choices of embedding
the disc in C with the same boundary, D′ may not be a continuous deformation of D in C.
In that case the above analysis does not imply that the two ways to evaluate the action
(4.11) agree. Since there is no natural way to choose between the two embeddings, (4.11)
is not yet a well defined action. In particular, for G = SU(2) the conjugacy classes C have
the topology of S2, the two-sphere generated by all possible axes of rotation by a fixed
angle in three dimensions. One may then choose D and D′ such that their union covers
the whole of S2. In that case the difference between the action SD, the value of (4.11)
with embedding D, and SD′ with embedding D
′ is
∆S =
k
4π
[∫
B
ω(3) +
∫
C
ω(2)
]
(4.15)
where B is the three-volume in SU(2) bounded by the two-sphere C (fig. 8).
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For the case of SU(2), which has the topology of S3, the form ω(3) is ω(3) = 4Ω(3)
where Ω(3) is the volume form on the unit three-sphere. For C in (4.7) corresponding to
f = exp(iθσ3), the first term in (4.15) is∫
B
ω(3) = 8π(θ − 1
2
sin(2θ)) (4.16)
As to the two-form ω(2), from eq. (4.14) we see that ω(2)[h] = ω(2)[qh] for any fixed element
q ∈ SU(2). This implies that this form is proportional to Ω(2), the volume form of the
unit two-sphere. The expression (4.14) for h near the identity gives then for the conjugacy
class Cθ,
ω(2) = sin(2θ) Ω(2) (4.17)
This gives for the change in the action for two topologically different embeddings in (4.15)
∆S = 2kθ (4.18)
Although this is non-zero, the quantum theory is still well defined if ∆S is an integral
multiple of 2π. We find then that the possible conjugacy classes on which a boundary
state can live are quantized, the corresponding θ must satisfy
θ = 2π
j
k
(4.19)
with j integer or half integer satisfying 0 ≤ j ≤ k
2
.
Thus, there are k + 1 different boundary conditions preserving the symmetry (4.3)
which one can impose on the SU(2)k group manifold. This matches nicely with the alge-
braic analysis of Cardy [39], who found that in a general rational CFT on a worldsheet
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with boundary, to each primary field of the chiral algebra there corresponds a boundary
state preserving the diagonal chiral algebra, the analog of (4.3). In the case of the SU(2)
WZW model, the chiral algebra is affine SU(2)k, and there are k+1 different primary fields
corresponding to representations of (integer or half integer) spin 0 ≤ j ≤ k2 . It is natural,
[27,29], to identify each of the k+1 different geometric boundary conditions corresponding
to j in (4.19) with the algebraic boundary state corresponding to the same j.
Since all of these boundary states preserve (4.3), the open strings stretching between
them should have well defined transformation properties under the diagonal chiral algebra.
According to [39], the open strings stretched between a boundary state corresponding to
a primary field j and another boundary state corresponding to primary field j′, belong to
the representations of the chiral algebra which appear in the fusion of j and j′.
We have chosen the boundary conditions (4.4) such that the particular diagonal sub-
group G of G × G defined in eq. (4.3) will survive them. This is of course not a unique
choice. One can act on these boundary conditions with any element of the G×G symmetry
group to get equivalent boundary conditions which preserve a different diagonal subgroup.
Thus we can multiply the conjugacy class Cθ in eq. (4.4) from the right (which is the same
as multiplying from the left) by any group element f to get modified boundary conditions
g(boundary) ∈ Cθf (4.20)
These boundary conditions also preserve a diagonal subgroup, since the set Cθf satisfies
Cθf = h(Cθf)f
−1h−1f (4.21)
for any h ∈ G. Therefore, the boundary conditions (4.20) preserve the diagonal subgroup
of GL×GR defined by hR = f−1h−1L f . In terms of the infinitesimal generators of GL×GR,
i.e. the left and right handed currents, the invariance of (4.20) under this subgroup implies
for the corresponding boundary state the condition
Ja = (Adf−1J)
a (4.22)
which modifies (4.5) by conjugating the right handed currents by f−1.
5. D-branes in the near-horizon geometry of NS5-branes
After assembling the necessary tools, we are now ready to study the physics of the
configurations of fig. 4.
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5.1. D4 and D6′-branes ending on NS5-branes
We start with the configuration of fig. 4a. A stack of Nc D4-branes ends from the
left, i.e. from negative x6, on k coincident NS5-branes. NF D6
′-branes end on the NS5-
branes from above (positive x7). From the point of view of the geometry (3.1) (fig. 5), the
D-branes extend into the CHS throat, as indicated in fig. 9a.
The D4-branes intersect the three-sphere at the point x7 = x8 = x9 = 0; the D6′-
branes at x6 = x8 = x9 = 0 (see fig. 9b). Thus, (3.6), they correspond to the boundary
states g|boundary = 1 and iσ3, respectively. The D4-branes are described by the boundary
state with θ = 0 and f = 1 (see (4.4), (4.19)), while the D6′-branes correspond to a
transformed state (4.20), with θ = 0 and f = exp(iπσ3/2) = iσ3. The SU(2) currents J
a
satisfy the boundary conditions (4.5) and (4.22) for strings ending on the D4 and D6′-
branes, respectively. In order to preserve worldsheet supersymmetry one has to impose
analogous boundary conditions on the fermions. For example, for a string ending on the
D4-branes one has
χa = χa (5.1)
while for a boundary on a D6′-brane the χa satisfy an analog of (4.22). Since, as is clear
from fig. 9, both the fourbranes and the sixbranes extend into the throat, the boundary
conditions on φ are Neumann.
(a)
D4 (8,9)
(6)
S3
(7)
(b)
D4 x
D6’
x
φ
D6’
S3
Fig. 9
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We would like to construct the vertex operator for emitting the lowest lying 4 − 6′
string in the geometry of fig. 9, i.e. generalize (4.1) to the fivebrane near-horizon geometry.
Some parts of the discussion leading to (4.1) are unchanged. In particular, the geometry
is the same as there in (x0, x1, x2, x3, x4, x5). The presence of φ allows also a contribution
exp(βφ) to the vertex operator. Thus, the analog of (4.1) for this case has the form
V = e−ϕσ45S45e
ikµx
µ
eβφV2 (5.2)
where V2 is the contribution of the SU(2) group manifold to the vertex operator, to which
we turn next.
The 4−6′ vertex operator V2 changes the worldsheet boundary conditions from g = 1
to g = f = exp(iασ3/2). The D6
′-brane corresponds to α = π, but it is instructive to
discuss the general case, in which the angle between the D4 and D6′-branes is α/2 (see
fig. 10).
3S
(a)
x
φ
(7)
(6)D4
(8,9)
α/2
D4
D6’
S
D6’
(b)
x
3
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As discussed above, g = 1 corresponds to the boundary condition (4.5), (5.1) for the
SU(2) currents and fermions, while g = f gives rise to (4.22)
J3 = J
3
χ3 = χ3
J± = exp(∓iα)J±
χ± = exp(∓iα)χ±
(5.3)
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Note that the symmetry generated by J3 + J¯3 is preserved by both (4.5) and (5.3). As
discussed after eq. (3.6), it corresponds to the rotation symmetry SO(2)89 which is un-
broken by the brane configuration. As in section 4.1, we conclude that V2 must include a
twist field σα with the following locality properties w.r.t. the left-moving currents J
a and
fermions χa:
σα(z)J
3(z′) ∼ (z − z′)m1O1(z′)
σα(z)χ
3(z′) ∼ (z − z′)m2O2(z′)
σα(z)J
±(z′) ∼ (z − z′)∓ α2pi+n1O3(z′)
σα(z)χ
±(z′) ∼ (z − z′)∓ α2pi+n2O4(z′)
(5.4)
with mi, ni ∈ Z; OI on the r.h.s. are operators whose precise form will not be specified
here. A similar twist holds for the right-movers. Equation (5.4) implies that V2 belongs to
a representation of a twisted affine SU(2), in which the currents J± have fractional modes.
This twisted algebra reads
[J3n, J
3
m] = n
kB
2
δn,−m
[J3n, J
±
m± α
2pi
] = ±J±n+m± α
2pi
[J+n+ α
2pi
, J−m− α
2pi
] = (n+
α
2π
)kBδn,−m + 2J
3
n+m
(5.5)
where kB = k − 2 is the level of the bosonic SU(2) algebra (as in section 3). The algebra
(5.5) can be mapped into the standard (untwisted) affine Lie algebra by using spectral
flow. If Ja satisfy the twisted algebra (5.5), the generators J˜ defined by
J˜3n = J
3
n +
kB
2
α
2π
δn,o
J˜±n = J
±
n± α
2pi
(5.6)
satisfy the ordinary untwisted algebra. Thus one can use standard facts about the repre-
sentations of untwisted affine Lie algebra to study the twisted one.
The modes of the energy-momentum tensor (L˜n) constructed from J˜ are related to
those of the original energy-momentum tensor (Ln) via
L˜n = Ln +
α
2π
J3n +
kB
4
α2
4π2
δn,0 (5.7)
To understand the properties of the operator σα, consider first the case α = 0. σ0 describes
an open string connecting two boundary states, both corresponding to j = 0 in eq. (4.19).
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As discussed in section 4.2, this open string should transform in a representation of the
diagonal SU(2) contained in the fusion of two j = 0 representations, which consists of only
the spin 0 representation. If h is the energy (L0) and m the J
3 charge, then the lowest
energy state in this sector has h = m = 0 and all the excited states satisfy
h ≥ |m| (5.8)
Turning on α continuously, the open string created by σα remains in the spin 0 representa-
tion, now of the affine algebra generated by the currents J˜ (5.6). Hence the corresponding
states satisfy
h˜ ≥ |m˜| (5.9)
or, using (5.7),
h ≥ (±1− α
2π
)m˜+
kB
4
α2
4π2
(5.10)
where m˜ ∈ Z. For 0 ≤ α < 2π, the lowest energy state corresponds to m˜ = 0. The
dimension and charge of the corresponding operator are
h =
kB
4
α2
4π2
m =− kB
2
α
2π
(5.11)
To construct this operator it is convenient to decompose the SU(2)kB bosonic CFT un-
der U(1) × SU(2)/U(1), where U(1) represents the subgroup generated by J3. One can
bosonize8 J3 as in (3.9), J3 = 2i
√
kB/2 ∂u; J
± are represented by exp(±2i√2/kB u)
multiplied by operators from the SU(2)/U(1) coset. The operators
σBα = exp
[
−i
√
kB
2
(
α
2π
+ n)u
]
(5.12)
with n ∈ Z, have the right locality properties (5.4) with respect to the currents. The
dimension and charge (5.11) correspond to those of the operator (5.12) with n = 0. Note
that for π ≤ α < 2π, setting n = −1 in (5.12) would give a lower dimension than that of
n = 0, however, the charge and dimension do not satisfy the inequality (5.10) in this case.
Hence, these operators are not in the spectrum.
8 As in section 4.1, here and below scalar fields are canonically normalized on the boundary;
e.g. 〈u(z)u(w)〉 = − log |z − w| for z, w ∈ R.
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The operator σα must also flip the boundary conditions of the fermions χ
a from (5.1)
to (5.3). This means that it must include a spin field for χ±. Bosonizing the two fermions,
i∂H = χ+χ− (5.13)
one finds that the operators with the right locality properties w.r.t. χ± are
Σn = e
i(n− α
2pi
)H (5.14)
where n ∈ Z. For 0 ≤ α < π the operator of lowest dimension out of these is Σ0 whose
scaling dimension is h = α2/8π2 and U(1) charge −α/2π. Thus, in this range of α, the
lowest lying state in the sector twisted by α is
σα = e
−i α
2pi
He−i
α
2pi
√
kB
2
u (5.15)
Notice that σα is a twist field for Jtotal, i.e. one can rewrite it as
σα = e
−i
√
k
2
α
2pi
Y (5.16)
where Y is defined in (3.9) and is related to u and H via√
k
2
Y =
√
kB
2
u+H (5.17)
The operators (5.14) with n 6= 0 can be thought of as “excited” twist fields. For π < α ≤ 2π
the operator Σ1 in (5.14) has lower dimension then that of Σ0. Then the excited twist
operator
σ′α = e
−i( α
2pi
−1)He−i
√
kB
2
α
2pi
u (5.18)
has the smallest dimension in the α twisted sector9. For α = π, the supersymmetric case,
the two operators in (5.15) and in (5.18) are degenerate on the worldsheet. Nevertheless,
we show in Appendix B that the operator (5.18) creates from the vacuum excited 4 − 6′
strings, even for α = π.
To summarize, the lowest lying open string connecting the D4 and D6′-branes in the
configuration of fig. 10 (which we will refer to as a 4 − 6′+ string, since it connects the
fourbrane to a half-infinite D6′-brane at x7 > 0) is described by the vertex operator
V +4−6′ = e
−ϕσ45S45e
ikµx
µ
eβφe−i
α
2pi
√
k
2
Y (5.19)
9 Applying the GSO projection to (5.2) will pick up different spin fields S45 for the different
twist fields (5.15) and (5.18).
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The mass shell condition requires that
1
2
k2µ −
1
2
β(β +Q) +
k
4
( α
2π
)2
=
1
4
(5.20)
We see that the 4 − 6′+ string vertex (5.19) describes an on-shell excitation in five non-
compact dimensions, (x0, x1, x2, x3, φ). This is clearly the same phenomenon as that dis-
cussed for closed strings in section 3. The extra non-compact dimension is the infinite
throat of [4] associated with the radial direction. Non-normalizable open string vertex
operators such as (5.19) with β > −Q/2 correspond to off-shell observables in the theory
on the D-branes.
To find the spectrum of low lying on-shell states, which is relevant for analyzing the
physics of the brane configurations described in section 2, one has to find the normalizable
states corresponding to 4−6′+ strings. One way of doing that is to compute the correlation
functions of the non-normalizable operators (5.19) and extract the spectrum by analyzing
their analytic structure. As explained in section 3, to do this within a weakly coupled
string theory one has to regularize the strong coupling region φ → −∞. Following [13],
we will do this by considering the geometry (3.10) corresponding to fivebranes separated
along a circle in the (x6, x7) plane10.
The effect of this regularization on the vertex operator (5.19) is to change the wave-
function on the infinite cylinder labeled by (φ, Y ) to a wavefunction on the semi-infinite
cigar,
eβφe−i
α
2pi
√
k
2
Y → Vjm (5.21)
where
j =β
√
k
2
m =− k
2
α
2π
(5.22)
j can be thought of as momentum along the cigar, while m is the momentum around the
cigar (both the D4-branes and D6′-branes are wrapping the cylinder, and in particular the
circle labeled by Y ).
10 One might wonder whether the separation of the fivebranes introduces a finite mass shift
for 4 − 6′ strings, when the fourbrane and sixbrane end on different fivebranes. To see that
this does not happen note that, as discussed in [13], the cigar geometry corresponds to the limit
gs, r0/ls → 0 with r0/(lsgs) fixed and large (r0 is the typical separation between fivebranes). The
mass shift for 4 − 6′ strings associated with this separation is ∼ r0/l
2
s; it goes to zero in string
units in the above limit.
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The vertex operator (5.19) becomes in the geometry (3.10)
V +4−6′ = e
−ϕσ45S45e
ikµx
µ
Vjm (5.23)
with (5.20)
k2µ
2
+
m2 − j(j + 1)
k
=
1
4
(5.24)
To compute the spectrum of low-lying normalizable excitations of the 4 − 6′+ string, one
computes the two point function of the operators (5.23) on the disk. This amplitude ex-
hibits first order poles in j. Using the mass-shell condition (5.24), these can be interpreted
as poles in k2µ; they correspond to on-shell particles in four dimensions, created from the
vacuum by the operator (5.23).
The calculation of this two point function is very similar to its closed string analog
[17,13], and is described in appendix A. The result is, as in the closed string case, a series
of poles corresponding to the discrete representations of SL(2), (3.15). The lowest lying
state corresponds to n = 1, i.e. j = |m| − 1. Plugging this together with (5.22) into (5.24)
we find that the mass of the lowest lying normalizable state of the 4− 6′+ string is
M2(α) =
1
2
(
α
π
− 1) (5.25)
In particular, we find that as expected, for α = π the lowest lying state is massless. The
vertex operator which creates this massless particle from the vacuum is
V +4−6′(k
2
µ = 0) = e
−ϕσ45S45e
ikµx
µ
V k
4
−1,− k
4
(5.26)
Note that the degeneracy is correct too. The spin field S45 in (5.23) takes apriori two
possible values, but the GSO projection picks one of them. Thus, (5.23) describes a single
complex scalar field Q which transforms in the (Nc, NF ) of the U(Nc)×U(NF ) symmetry
on the D-branes, as explained in section 2. Applying the spacetime supercharges gives rise
to a chiral superfield 11 Q. The complex conjugate field Q† arises from 4− 6′+ strings with
the opposite orientation (a 6′+− 4 string). The field Q˜ (Q˜†) transforming in the (Nc, NF )
representation that is needed for anomaly cancellation of N = 1 SQCD comes from 6′−−4
(4− 6′−) strings connecting the fourbranes to sixbranes attached to the NS5-branes from
below, as anticipated in [7]. These are described by vertex operators of the form (5.19),
11 In particular, one can check that (5.23), (5.26) is annihilated by half of the spacetime
supercharges.
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(5.23), (5.26) with α < 0 and with the S†45 spin field for the 4− 6′− operator Q˜† (replacing
S45 for the 4− 6′+ operator Q).12
Some comments are in order at this point:
(1) The above analysis is valid as long as j = |m| − 1 > −12 satisfies the unitarity bound
(3.14), i.e. for α > αc =
2π
k
. For α < αc, the lowest lying normalizable states belong
to the continuum (j = −12 + is) and the physics is different.
(2) An interesting question is whetherm, (5.22), is quantized on the cigar. Before separat-
ing the NS5-branes on a circle, it is clear that α in (5.19) (and hence m) is arbitrary –
the angle between the D4 and D6′-branes is not constrained. After the separation the
situation is different. The D-branes are wrapped around the cigar, and the momentum
around the cigar m appears to be quantized, m ∈ Z. For D-branes wrapped around
a circle one can shift the momentum by an arbitrary fractional amount, by turning
on a Wilson line of the gauge field on the branes (around the circle). However, on the
cigar there are no non-contractible cycles, and hence one expects the quantization of
m to persist.
(3) The quantization of m can be seen in other ways as well. One is to use a T-dual
description, in which the cigar is replaced by N = 2 Liouville [13,40,41], and the D-
branes are at points on the dual S1. The N = 2 Liouville superpotential effectively
pins down the (T-dual) field Y (3.9) to points on the circle when one goes far down
the N = 2 Liouville throat to the strong coupling region. Since the D-branes extend
into the throat and lie at points (independent of φ) on the circle, their positions on
the circle must coincide with those determined by the superpotential. Another way
to see the quantization is to note that quantization of α has a natural geometric
interpretation when the branes are ending on fivebranes which lie on a circle. Since
the D4 and D6′-branes point towards the center of the circle on which the fivebranes
lie, the angle between the D-branes, α2 , must be an integer multiple of
2π
k – the angular
separation between the k fivebranes. This leads to the same conclusion, (5.22),m ∈ Z.
Thus, the D-branes seem to know that the smooth cigar is in fact associated with k
fivebranes on a circle.
12 The reason for the S†45 is the following. The D6
′
− and D6
′
+-branes must have the same
orientation. They can be obtained by starting with parallel D6′ and D¯6′-branes (at α = 0). The
D6′+-brane is obtained by rotating the D6
′-brane by an angle α
2
= pi
2
, while the D6′−-brane is
obtained by rotating the D¯6′-brane by an angle α
2
= −pi
2
. The conjugation of S45 in passing from
the D6′ to the D¯6′-brane is due to the different GSO projection on branes and anti-branes.
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(4) It is interesting to compare the symmetry properties of (5.26) to those expected of
Q, Q˜. The vertex operator V +4−6′ is charged under the unbroken rotation symmetry
SO(2)45 × SO(2)89 of the configuration of fig. 10. The SO(2)45 charge is carried by
the spin field S45 in (5.26). In units in which the supercharges have SO(2)45 charge
±12 , V +4−6′ has charge 12 . The SO(2)89 charge of (5.19) is carried by the last factor,
exp(−i α2π
√
k
2Y ). Normalizing it such that the supercharges again have charge ±12 ,
one finds that the charge of V +4−6′ is −kα4π . Therefore, the SO(2)89 charge of (5.26)
is −k/4. From the discussion above one learns that Q˜ carries the same charge as Q.
These assignments are similar but not identical to those postulated in brane theory
in the past. In our notation, the SO(2)45 × SO(2)89 charge of Q, Q˜ was postulated
to be ( 12 , 0) (see e.g. [1], discussion between eqs. (182) and (183)). In the present
construction, we find charge ( 12 ,−kα4π ) for Q and Q˜. The discrepancy in the SO(2)89
charges might be related to that found in [13]; a better understanding of its origin is
left for future work.
For α < π the lowest lying state (5.25) is tachyonic; the stable vacuum is obtained by
its condensation. This process has a very natural interpretation from the point of view
of brane theory, which also makes it clear what is the endpoint of the condensation. For
α 6= ±π, the configuration of fig. 10 is not supersymmetric, hence stability needs to be
checked. For α < π the configuration of fig. 10 can reduce its energy by having the
D4-brane slide away from the NS5-brane so that it ends on the D6′-brane instead (fig.
11). The resulting vacuum is stable. For α > π, the configuration of figs. 10, 11 is stable
under small deformations. Indeed, the lowest lying open string state is massive in this case
(5.25).
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From the point of view of the brane configurations describing four dimensional gauge
theories like that of fig. 3, one can change α from π in a number of ways. One is to change
the relative position of the NS5 and NS5′-branes in x7 by the amount ∆x7. In the gauge
theory on the D4-branes this corresponds to turning on a Fayet-Iliopoulos D-term [6,1].
Depending on the sign of the FI term, either Q or Q˜ should condense to minimize the
D-term potential
VD ∼ (Q†Q− Q˜†Q˜− r)2 (5.27)
where r is proportional to ∆x7. The gauge theory analysis is nicely reproduced by our
string theory considerations13. ∆x7 > 0 corresponds to 0 < α < π. In this case the ground
state of the 4 − 6+ string is tachyonic, Q condenses and the D4-branes detach from the
NS5′-branes and attach to the D6-branes. ∆x7 < 0 corresponds to α > π for the 4− 6+
string which is hence massive, but since 0 < −α < π for the 4− 6− strings (Q˜), a similar
process of condensation to the above occurs for them.
Another way of changing α is to tilt the D6-branes by some angle in the (x6, x7) plane,
which must lead to a potential similar to (5.27).
More comments on the supersymmetric case α = π:
(1) Like in [13], for values of j that satisfy the unitarity constraint (3.14), the full spec-
trum obtained from (3.15), (5.24) and its generalization to other observables is non-
tachyonic.
(2) The excited twist field (5.18) does not create from the vacuum massless states; this is
shown in appendix B.
(3) Massive states form hypermultiplets, as they should; this is also shown in appendix
B.
(4) Like in the closed string case [3,13], there is a continuum of δ-function normalizable
4− 6′ string states corresponding to j ∈ −1/2+ iIR. These states are separated by an
energy gap of order 1/ls from the massless discrete states discussed above.
13 Both in gauge theory and in string theory, in the context of the full configuration of fig. 3
the foregoing discussion is valid for Nf ≥ Nc (see [1] for details).
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5.2. D4-branes ending on NS5-branes from opposite sides
We next turn to the configuration of fig. 4b. A stack of NL D4-branes ends from
the left on k coincident NS5-branes, and a stack of NR D4-branes ends on the NS5-
branes from the right. In this case, in the parametrization (3.6), the D4-branes on the left
intersect the group manifold at g = 1 while the ones on the right intersect it at g = −1
(see fig. 12).
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We first consider the case where the two stacks of D4-branes are at the same point in
the (x4, x5) plane. To construct the vertex operator for emitting the lowest lying 4L − 4R
string in the geometry of fig. 12, we can follow the discussion of the previous subsection.
The dependence on (x0, x1, x2, x3, φ) is the same as in the 4 − 6′ case. In the (x4, x5)
directions we now have Dirichlet-Dirichlet boundary conditions. Therefore, the 4 − 4
vertex operator is:
V4−4 = e
−ϕeikµx
µ
eβφV2 (5.28)
The contribution V2 of the SU(2) SCFT to (5.28) is the same as in section 5.1, with
α = ±2π:
V ±2 = σ∓2π = e
±i
√
k
2
Y (5.29)
Hence
V ±4−4 = e
−ϕeikµx
µ
eβφe±i
√
k
2
Y (5.30)
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To describe V ±4−4 in the cigar background (3.10), we use eqs. (5.21), (5.22), with α = ∓2π.
The vertex operators (5.30) become in this geometry:
V ±4−4 = e
−ϕeikµx
µ
Vj,±k
2
(5.31)
The mass shell condition reads:
k2µ
2
+
k
4
− j(j + 1)
k
=
1
2
⇒ −k2µ =
2
k
[
(
k
2
− 1)k
2
− j(j + 1)
]
(5.32)
As in [13] and section 5.1, the two point function of (5.31) has a series of poles corresponding
to discrete representations of SL(2), and the lowest lying state corresponds to
j = |m| − 1 = k
2
− 1 (5.33)
Plugging (5.33) into (5.32) we find that in this case V ±4−4 create massless states from the
vacuum.
The vertex operators which couple to these massless particles take the form (5.31),
(5.33):
V ±4−4(k
2
µ = 0) = e
−ϕeikµx
µ
V k
2
−1,± k
2
(5.34)
As expected from gauge theory, V ±4−4 describe two complex scalar fields Q, Q˜
†, in the
(NL, NR) of the U(NL) × U(NR) symmetry on the D-branes, respectively. The complex
conjugates Q†, Q˜ arise from 4L − 4R strings with the opposite orientation.
In this case, the charges of Q, Q˜ under the SO(2)45×SO(2)89 R-symmetry are (0, k2 ).
The SO(2)45 agrees with expectations. The SO(2)89 charge predicted by brane theory is
1/2, which is the value obtained by extrapolating our results to k = 1 (which, as discussed
above, is in fact outside the range of validity of our approach). For k > 1, the situation
is less clear, but it is worth pointing out that in addition to the fact that the same issue
already arose in the previous subsection and in [13], it also appeared in brane theory before.
As reviewed in [1], the theory on D4-branes ending on k NS5-branes typically contains
chiral superfields Φ with a polynomial superpotential s0Φ
k+1. The coupling s0 appears to
be charged under the analog of SO(2)89. The resolution of all these problems is again left
for future work.
Comments:
(1) If the NL D4-branes are located at x
4 = x5 = 0, and the NR D4-branes are at
(x4, x5) = (a, b), one can apply the discussion of section 4.1. As in (4.1), the vertex
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operators V ±4−4 have to be multiplied by the “winding” generating factor exp{ iπ [a(x4L−
x4R) + b(x
5
L − x5R)]}. The lowest lying 4L − 4R states have mass squared 1π2 (a2 + b2),
in agreement with expectations.
(2) For the case α = ±2π, the SU(2) current algebra is untwisted (see (5.3)). The
discussion of section 4.2 shows that the D4L and D4R branes correspond in this case
to the boundary states with j = 0 and j = kB2 , respectively. Hence, the strings
that connect the two transform in the j = kB2 representation of the bosonic
̂SU(2).
Denoting the corresponding vertex operators by σ kB
2
,m
(m = −kB
2
,−kB
2
+1, · · · , kB
2
−
1, kB2 ), we find that V2 in (5.28), (5.29) is given by
V ±2 = e
±i
√
k
2
Y = χ±σB∓2π = χ
±σ kB
2
,±
kB
2
(5.35)
The last expression can be thought of as the highest and lowest weight states in a spin
k
2 =
kB
2 + 1 representation of the total SU(2). The full set of primaries at the lowest
level of 4L − 4R strings is the following:
(i) e−ϕeikµx
µ
eβφ
(
χ · σ kB
2
)
j= k
2
(ii) e−ϕeikµx
µ
eβφ
(
χ · σ kB
2
)
j= k
2
−2
(iii) e−ϕeikµx
µ
eβφ
[∑
M
aMψ
Mσ kB
2
+ a8
(
χ · σ kB
2
)
j= k
2
−1
] (5.36)
In (i) and (ii), χ and σ kB
2
are coupled to a representation of total spin k2 and
k
2 − 2,
respectively. (iii) contains six physical combinations (after imposing the physical state
conditions on the polarization coefficients aM , and eliminating null states); {ψM} =
{ψµ, ψ4, ψ5, χr}. It can be shown that out of the operators (5.36) only those whose
SU(2) part is (5.35) create massless particles (see appendix C).
(3) One can study 4L − 4R strings when the angle between the two kinds of branes is
generic, α/2. For α/2 6= ±π, an analysis similar to the one in section 5.1 shows that
the lowest lying 4L−4R states are tachyonic. For α = 0, one finds a system of parallel
D4− D¯4. This is discussed in the next subsection.
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5.3. Rotating D4−D4 systems into D4− D¯4
The vertex operators creating the low lying states of 4L − 4R strings when the angle
between the D4L and D4R-branes is −π < α/2 < π are (see subsection 5.1):
V4−4(α/2) = e
−ϕeikµx
µ
eβφe−i
α
2pi
√
k
2
Y (5.37)
Repeating the analysis of sections 5.1, 5.2, one finds that the lowest lying states that
(5.37) creates from the vacuum are tachyonic. At α = 0, when the two D4-branes are
anti-parallel,
V4−4(0) = e
−ϕeikµx
µ
eβφ (5.38)
is the tachyon vertex operator creating the low lying state of a string connecting a D4-
brane parallel to an anti-D4-brane (D¯4-brane), both ending on the NS5-branes from the
same side; it is a 4L − 4¯L string.
As before, the tachyon signals that the D4-branes could reduce their energy by recon-
necting. Imagine for simplicity that the ends of the D4-branes are pinned down far from
the NS5-branes (see fig. 13). Tachyon condensation corresponds to a process where the
D4-branes (solid lines) connect to each other and detach from the fivebrane. They can
then reduce their energy by stretching straight between the two pinned endpoints (dashed
line). As is clear from figure 13, their energy decreases in the process. As α→ 0, the four-
branes annihilate (or more generally become lower dimensional branes). This generalizes
the results of [42] on brane annihilation to D-branes ending on fivebranes.
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Similarly, the vertex operator creating the low lying states of 4L − 4L strings when
the angle between the D4L-branes is α/2 is
V4−4(α/2) = e
−ϕeikµx
µ
eβφei[(
α
|α|
− α
2pi
)H−
√
kB
2
α
2pi
u] (5.39)
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(the last exponent is the excited twist field (5.18)). The extra factor of exp(±iH) in
(5.39) compared to (5.37) is due to the different signs of the GSO projection in the two
cases resulting from the reversed orientation of the D4R-brane. At α = 0, we obtain the
4L − 4L vertex operator which in the cigar geometry is (recall (5.13) and see appendix B
for notation)
V ±4−4(0) = e
−ϕeikµx
µ
eβφχ± → e−ϕeikµxµzk−21 Vj,±1 (5.40)
(the ± in (5.40) is correlated with α → 0+ or α → 0− in (5.39)). At first sight one
might be puzzled why for two parallel D4-branes ending on a stack of NS5-branes one
does not find additional massless particles. For example, in section 2 it was argued that
fundamental strings stretching between the fourbranes give rise to massless non-Abelian
gauge bosons on the fourbranes. The reason we are not supposed to see those here is that
we are studying the physics of the D-branes in the near-horizon geometry of the fivebranes.
Only states whose wavefunctions are bound to the fivebranes can give rise to normalizable
modes in our analysis. The wavefunctions of the gauge bosons discussed in section 2 are
in contrast spread out in x6 and, in particular, are not localized at the fivebranes. From
the point of view of the near-horizon geometry, they are non-normalizable.
At α/2 = ±π (5.39) turns into
V4−4(±π) = e−ϕeikµx
µ
eβφσB±2π (5.41)
which is the tachyon vertex operator for a 4L − 4¯R string connecting a D4-brane and a
D¯4-brane located on opposite sides of the stack of NS5-branes (see fig. 14).
D4D4 NS5
Fig. 14
Brane constructions involving D4 and D¯4-branes ending on NS5-branes were recently
studied in [43,44]. The present work can be used to shed more light on such configurations.
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5.4. A D6-brane intersecting a stack of NS5-branes
We now turn to the configuration of fig. 4c. A stack of D4-branes ends from the left
on k coincident NS5-branes, and a D6-brane intersects the NS5-branes at the same value
of (x4, x5) as the fourbranes.
From the brane geometry point of view in Type IIA, the notion of putting a D6-brane
on top of k coincident NS5-branes is not well defined, due to the HW transition [6]. For
instance, for a single NS5-brane one must specify if the D6-brane is located to the left of
the NS5-brane or to its right. In the first case, the D6-brane can be moved freely away
from the NS5-brane to the left in the x6 direction, but if moved away to the right an
extra D4-brane is created, stretched between the D6-brane and the NS5-brane. In the
second case, the D4-brane will be created when moving the D6-brane to the left. The
configuration space of this system is thus separated into two disconnected components.
Similarly, for the case of k NS5-branes one has to specify which of these fivebranes are
to the left of the D6-brane and which of them are located to its right. If n ≤ k fivebranes
are to the left of the D6-brane, n D4-branes will be created when the D6-brane moves to
the left away from the stack of NS5-branes, and k − n D4-branes will be formed if it is
taken away to the right. Thus the configuration space consists of k+ 1 sectors – there are
k+1 possibilities of what is meant by placing a D6-brane on top of k coincident fivebranes.
This ambiguity in type IIA string theory can be understood in M-theory on IR10×S1
when the radius of the S1 is large in Planck units [45]. The D6-brane becomes a Kaluza-
Klein monopole, i.e. a bundle whose fiber is the eleventh circular coordinate x10 of radius
R10. The bundle is non-trivial and two patches are needed to trivialize it. These patches
can be chosen as the two halves of the ten dimensional space, one with x6 ≥ 0 to the
right of the sixbrane and the other with x6 ≤ 0 to its left. Denote by x10± the fiber
coordinate over the two different patches. If ϑ is the azimuthal angle in the (x4, x5) plane,
i.e. tan(ϑ) = x
5
x4
, then the transition between the fiber coordinates in the two patches
on the transition (x4, x5) plane at x6 = 0 is:
x10+
R =
x10−
R10
+ ϑ. From eleven dimensional
standpoint, an NS5-brane is an M5-brane which is a point in x10, stretching along the
(x4, x5) plane. Starting with k NS5-branes in presence of a D6-brane, one must specify
which of these M5-branes have a definite x10+ coordinate, and which have a well defined
x10− coordinate.
The division of configuration space into sectors is visible also in the worldsheet CFT
description of section 4. Unlike the D6′-brane case studied in section 5.1, the D6-brane
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intersects the group manifold (3.6) not at a point but along a two-sphere of constant x6.
This corresponds to the conjugacy class Cθ (4.4), where θ satisfies cos(
θ
2
) = x
6
|~x|
. In section
4 we have seen that consistent boundary conditions of this type exist only for k− 1 values
of θ given by eq. (4.19). The D6-brane is thus allowed to intersect the stack of k NS5-
branes only at fixed quantized values of x6, namely, on two-spheres with quantized sizes
S2n, n = 1, 2, . . . , k − 1 (see fig. 15).
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It is natural to identify these k−1 different boundary states with the various possible
positions of the D6-brane among the k NS5-branes, discussed above. There we had k+1
possible states, two of which are absent in the CFT approach. A possible interpretation of
this fact is that when the D6-brane is either to the right or to the left of all NS5-branes,
it is not bound to the fivebranes and hence does not give rise to a boundary state in the
CHS geometry.
Anyhow, we can again study the massless 4 − 6 open strings when the D6-brane is
characterized by θ = 2π lkB in (4.19), with 2l = 0, 1, · · · , kB. Such a string connects the
g = 1 boundary state with l = 0, corresponding to the D4-brane, to a spin l boundary state
corresponding to the D6-brane (see fig. 16). The 4 − 6 string belongs to representations
contained in the fusion of spin 0 and spin l, i.e. the spin l representation. This consists of
2l + 1 operators σlm, m = −l,−l + 1, · · · , l − 1, l, with scaling dimension
h(σlm) =
l(l + 1)
k
(5.42)
As in subsection 5.2, we get for each l the vertex operators:
Vlm = e
−ϕeikµx
µ
eβφ (χ · σl)l+1,m (5.43)
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and some additional operators that do not create massless states. The two operators Vlm
(5.43) with m = ±(l + 1) do give rise to poles at k2µ = 0 in amplitudes and thus create
massless particles of charge ±(l + 1).
D6
S
3
(8,9)
(7)
(6)
F1
D4 x
Fig. 16
Recently, it was argued that n D0-branes in an SU(2) WZW background, which
are n points on S3, can turn into a single D2-brane which wraps a two-sphere with a
quantized radius S2n [37,38]. This meshes nicely with the discussion above. In the near
horizon of k NS5-branes, a D4-brane is a point on S3 while a D6-brane wraps an S2n ∈ S3,
n = 1, 2, . . . , k − 1. Hence, n D4-branes can condense into a single D6-brane in the
θ = π n−1k−2 conjugacy class (4.19), namely, a D6-brane wrapping the sphere S
2
n. This is the
HW transition. The D6-brane on S2n is located, say, to the left of n out of the k NS5-
branes. Moving it to the right, past these n fivebranes, creates n D4-branes stretched from
the D6-brane to each of the n fivebranes. In the near horizon limit these look like n points
on S3.
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Appendix A. 〈VjmVj,−m〉 on the disc
We first present some useful formulae:
C(a, b) =
∫ ∞
−∞
|x|a−1|1− x|b−1dx = B(a, 1− a− b) +B(a, b) +B(1− a− b, b) (A.1)
Here B is the Euler beta function:
B(a, b) =
∫ 1
0
xa−1(1− x)b−1dx = Γ(a)Γ(b)
Γ(a+ b)
(A.2)
where
Γ(a+ 1) = aΓ(a) , Γ(−n+ ǫ) = (−)
n
n!ǫ
+O(1) , n = 0, 1, 2, . . . (A.3)
To find the analytic structure of the two point functions of boundary operators discussed
in this work, like (5.23), we need to compute the two point functions 〈VjmVj,−m〉 on the
disc. This is the purpose of this appendix.
The calculation is similar to its closed string analog [17,13], which we follow below.
The CFT on the cigar is obtained by the coset construction from that on AdS3. The
natural observables in CFT on the Euclidean version of AdS3 on the disc are functions
Φj(x; z) which transform as primaries under the diagonal (left + right) SL(2) current
algebra (see section 4.2). x is an auxiliary real variable.
The two point function of Φj is
14
〈Φj(x)Φj(x′)〉 = A(j, k)|x− x′|−2(j+1) (A.4)
where A(j, k) is an analytic function of j in the domain (3.14); its precise form will not
play a role below.
To study the coset it is convenient to “Fourier transform” the fields Φj(x) and define
the mode operators
Φjm =
∫ ∞
−∞
Φj(x)|x|j+mdx (A.5)
The two point functions of the modes Φjm are equal to those of the SL(2)/U(1) coset
theory:
〈VjmVj,−m〉 = 〈ΦjmΦj,−m〉 (A.6)
14 Here and below we suppress the dependence of correlation functions on the worldsheet loca-
tion z on the real line, the boundary of the upper half plane.
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Using (A.6), (A.5) and (A.4) one finds that
〈VjmVj,−m〉 = A′(j, k)
∫ ∞
−∞
|y|j−m|1− y|−2(j+1)dy = C(j −m+ 1,−2j − 1) (A.7)
Using eqs. (A.1), (A.2), (A.3) one can finally express the two point functions in terms of
gamma functions as:
〈VjmVj,−m〉 = A′(j, k)×(
Γ(j −m+ 1)Γ(j +m+ 1)
Γ(2j + 2)
+
Γ(j −m+ 1)Γ(−2j − 1)
Γ(−j −m) +
Γ(j +m+ 1)Γ(−2j − 1)
Γ(−j +m)
)
(A.8)
Using eq. (A.3) we can now find the analytic structure of 〈VjmVj,−m〉: it has single poles
for j,m satisfying (3.15).15
Appendix B.
In this appendix we show that the excited twist field (5.18) does not give rise to
massless particles even for α = π, and in the case α = π we verify that the massive
states created by (5.15) and (5.18) have degeneracy two, and are hence organized into
hypermultiplets.
The twist field (5.18) has a conformal weight
h(σ′α) = h(σα) +
1
2
(
1− α
π
)
=
k
4
( α
2π
)2
+
1
2
(
1− α
π
)
(B.1)
and a J3total charge (recall (3.9), (5.17))
m(σ′α) = m(σα) + 1 = −
k
2
α
2π
+ 1 (B.2)
Its decomposition on SU(2)/U(1)× U(1) thus reads
σ′α = z
k−2
1 e
−i
√
2
k
( k
2
α
2pi
−1)Y (B.3)
where zk−21 (the notation will become clear soon) is an operator in the N = 2 minimal
model SU(2)k/U(1) with
h(zk−21 ) = h(σ
′
α)−
2
k
(k2
α
2π − 1)2
2
=
1
2
k − 2
k
(B.4)
15 For j = m one finds that the three terms in (A.8) conspire to give 0. This implies that the
extra poles at j = m, found in some special cases in [19], appear on the sphere but not on the
disc.
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It can be shown that zk−21 is a chiral operator in the N = 2 minimal model with a
U(1)R charge R(z
k−2
1 ) = (k − 2)/k; it is the highest charge operator in the chiral ring of
SU(2)k/U(1), {zi1|i = 0, 1, . . . , k − 2}, R(zi1) = i/k.
Collecting the above, recalling (5.19) (with σα replaced by σ
′
α) and (5.21), (5.22),
(5.23), we find that the 4 − 6′ vertex operator under consideration, and what it becomes
in the cigar geometry (3.10), is
V ′4−6′ = e
−ϕσ45S45e
ikµx
µ
eβφσ′α → e−ϕσ45S45eikµx
µ
zk−21 Vj,− k
2
α
2pi
+1 (B.5)
The lowest lying state corresponds to n = 1 in (3.15), namely, j = |m| − 1; its mass is
(M ′α)
2 =
1
2
+
2
k
j =
1
2
− 2
k
+
∣∣∣ α
2π
− 2
k
∣∣∣ (B.6)
Since j > −1/2 (3.14), we have
(M ′α)
2 >
1
2
− 1
k
≥ 0 (B.7)
for any α allowed in the unitarity range.
A particular case is the supersymmetric α = π configuration. In this case, the twist
operators (5.15) and (5.18) take the form
σ−π = e
− i
2
He−
i
2
√
kB
2
u = e−
i
2
√
k
2
Y
σ+π = e
i
2
He−
i
2
√
kB
2
u = zk−21 e
−i
√
2
k
( k
4
−1)Y
(B.8)
The corresponding 4− 6′ vertex operators turn in the cigar geometry (3.10) into
V −4−6′ = e
−ϕσ45S45e
ikµx
µ
eβφσ−π → e−ϕσ45S45eikµx
µ
Vj,m−
V +4−6′ = e
−ϕσ45S45e
ikµx
µ
eβφσ+π → e−ϕσ45S45eikµx
µ
zk−21 Vj,m+
(B.9)
where
m± = −k − 2
4
± 1
2
(B.10)
Physical states in spacetime are obtained when j in V ±4−6′ is (3.15)
jn± = |m±| − n , n = 1, 2, . . . (B.11)
respectively. Notice that16
jn+ = j
n+1
− (B.12)
16 Below we restrict to the case k ≥ 4; for k = 2, 3 there are no massive excitations in the range
(3.14).
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The on-shell conditions h(V ±4−6′) = 1 imply
(Mn±)
2
2
=
k − 4
16
− j
n
±(j
n
± + 1)
k
(B.13)
Using (B.10), (B.11), (B.12), (B.13), one finds
(Mn−)
2 =
1
k
(n− 1)(k − 2n) (B.14)
(Mn+)
2 = (Mn+1− )
2 =
1
k
n(k − 2− 2n) (B.15)
The unitarity bound (3.14) restricts n to a certain range. In this range (Mn+)
2 > 0 for any
n, while (Mn−)
2 ≥ 0 for any n and equality is satisfied iff n = 1. We thus see (B.15) that
there is a degeneracy two for all massive states; they get organized into 4d hypermultiplets
(Q, Q˜), as they should. The only massless state M1− = 0 (B.14) is non-degenerate; it
corresponds to the chiral superfield Q considered in section 5.1.
Appendix C.
In this appendix we show that, except for (5.35), the other operators in (5.36) do not
create massless states from the vacuum.
The operators in (5.36) are linear combinations of
V am = e
−ϕeikµx
µ
eβφχaσ kB
2
,m
, a = ±, 3 (C.1)
and
VMm = e
−ϕeikµx
µ
eβφψMσ kB
2
,m
, M = µ, 4, 5, r (C.2)
The operators σ kB
2
,m
in (C.1) and (C.2) carry m units of charge under J3 and have scaling
dimension
h(σ kB
2
,m
) =
1
k
kB
2
(
kB
2
+ 1) =
k − 2
4
(C.3)
The decomposition of σjm on SU(2)/U(1)× U(1) reads
σjm = V
′
jme
i
√
2
k
mY (C.4)
where V ′jm is an operator in the SU(2)/U(1) SCFT with scaling dimension
h(V ′jm) =
j(j + 1)−m2
k
(C.5)
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Now, going from the cylinder (φ, Y ) to the SL(2)/U(1) cigar we take
eβφei
√
2
k
mY → Vjm (C.6)
(see (5.21), (5.22)). Altogether, in the background (3.10), the operators (C.2) take the
form
VMm = e
−ϕeikµx
µ
eβφψMσ kB
2
,m
→ e−ϕeikµxµψMV ′kB
2
,m
Vjm (C.7)
When k2µ = 0, the on-shell condition for V
M
m reads
1
k
kB
2
(
kB
2
+ 1)− j(j + 1)
k
= 0⇒ j = kB
2
(C.8)
Since |m| ≤ kB
2
, the condition (3.15) is not satisfied. Hence, no massless particle is emitted
by V Mm . Similarly, V
3
m in (C.1) does not create massless states from the vacuum.
The operators V ±m in (C.1) include a factor χ
±σ kB
2
,m
which decomposes as
χ±σ kB
2
,m
= Ψme
i
√
2
k
(m±1)Y (C.9)
where Ψm is in the SU(2)/U(1) SCFT and has
h(Ψm) =
k
4
− (m± 1)
2
k
(C.10)
In the geometry (3.10), the operators V ±m now take the form
V ±m = e
−ϕeikµx
µ
eβφχ±σ kB
2
,m
→ e−ϕeikµxµΨmVj,m±1 (C.11)
When k2µ = 0, the on-shell condition gives again j =
kB
2 (C.8). Since m ± 1 take values
between −kB2 ± 1 and kB2 ± 1, only the operators V +kB
2
and V −
−
kB
2
– the operators in (5.36)
whose SU(2) part is (5.35) – satisfy (3.15). Therefore, the other operators V ±m in (C.1) do
not emit massless particles.
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